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Abstract: In a previous paper [JHEP 06 (2012) 142] we have shown that the fully dynamical 
three-point correlation functions of BMN operators are identical at the tree level in the planar 
limit of perturbative field theory and, on the string theory side, calculated by means of 
the Dobashi-Yoneya three string vertex in the Penrose limit. Here we present a one-loop 
calculation of the same quantity both on the field-theory and string-theory side, where a 
complete identity between the two results is demonstrated. 



Contents 



1 Introduction 



1 



2 String theory calculation 



3 



3 Planar Field Theory at One Loop 



5 



4 Discussion 



10 



1 Introduction 

Three-point correlators in gauge/gravity duality have become a very hot topic in the last 
couple of years. A variety of fundamental results for the three-point functions have been 
obtained by means of string theory quasiclassics in the strong coupling limit [1-19], exact 
string theory Hamiltonian in the Penrose limit, Bethe Ansatz at strong and weak coupling [20— 
26], perturbative large-N field theory [27, 28], and comparison between weakly coupled planar 
field theory and results in semiclassical string theory [29-32]. 

Comparing the gravity side and the gauge side directly is possible only under very specific 
asymptotic conditions such as, e.g., the Frolov-Tseytlin limit [33]. In this limit it is the 
smallness of A' = jj, where A is the 't Hooft coupling, and J is an R-charge, that permits 
a comparison. The limit is, in fact, compatible with both small and large A. Thus, if for 
example one deals with a small number of impurities, one can calculate the correlator on the 
field theory side where A — > 0, and at the same time use the full string interaction Hamiltonian 
in the Penrose limit, where the coupling is large, A — > oo, to obtain legitimately comparable 
results. In this paper we will be looking for the A' corrections to three-point correlation 
functions for states with few excitations, both at weak and at strong coupling. 

It has been discussed at length in [30] whether the one-loop corrections for three-point 
functions are expected to match, even at the leading order. The limits A > 1 and A <C 
1 are normally incompatible, so that even the tree-level matching is not necessarily to be 
expected [8, 21]. In the case of 2-point functions, it is well-known that there is an agreement 
between the anomalous dimension of certain gauge theory operators and the energy of the 
dual string states directly computed from the string sigma model. In [34], an argument for 
the seemingly coincidental matching up to and including the one-loop correction was provided 
for states in the SU(2) sector of N = 4 SYM. The argument of [34] goes as follows: consider a 
near-BPS state, with E — J -C 1 and J> 1. This limit is feasible both on the string side and 
on the field theory side. On the string theory side quantum corrections to the semiclassical 
configuration become suppressed and the limit remains valid. However, it was also discussed 
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in [30] that this argument, being perfectly valid for the two-point functions, does not apply to 
the three-point functions, thus there will generally be gauge-field terms of order j^, whereas 
string theory yields Thus one- loop matching is in general not expected and in fact it 
is not found in a particular example of a heavy- heavy light three-point function [30]. As 
far as we know, this has been the only example of an explicit one-loop comparison between 
perturbative field theory and semiclassical string theory so far. The mismatch might however 
be due to the difficult identification of the two loop corrected gauge theory states. 

In [23] a general formula for three point correlators of single trace operators with arbi- 
trary number of impurities N{, that satisfy N\ = N2 + A3, is provided at one- loop. Two 
operators are long (and highly excited) and the other is shorter. An amazing matching is 
seen numerically in the limit of A3 — > 00, where the semiclassical calculation fully conforms 
to the Bethe Ansatz calculation. 

In this paper we perform an explicit one-loop check of the matching in a different sector, 
where the operator-state identification between gauge and string theory is perfectly well- 
defined [35]. The main object of our analysis are two-magnon BMN operators 

1 J 

°4n = 77™ E Tr {fiZ l ^z j - 1 ) W, (LI) 

which fall into the three irreducible representations of £0(4) 

404 = 1060 9, (1.2) 

where 1 is the trace (T), 6 is the antisymmetric (A), 9 is the symmetric traceless represen- 
tation (S). The wave- functions for different representations are 

S (2l+i)im 
— COS 1 L — 



€,1 = 



j+i 



Kl = ^ 2j ^, (1-3) 

We consider three operators: 0\ = On\ ,12 ,02 = Onl ,23 ,0 = On' 31 , where n\,n2, n.3 are 
the operator momenta, Ji, J2, J3 are their R-charges R3, J = J\ + J2, Ji = Jy, J2 = <7(1 — y)- 
The flavor indices are chosen as (12), (23), (31) to represent the symmetric sector of the 
theory. The symmetric states are more interesting for our analysis since they provide a non- 
trivial test of the calculation by requiring cancellation of the J 2 and J order of the one-loop 
correction. Unlike the trace state, the traceless symmetric state is advantageous since one 
avoids the complications with subtraction of Tr Z J+l Z. Our operators are orthonormalized at 
tree level, therefore the correlator coincides with the structure constant. We shall be looking 
for the quantity 

Ol 23 = (0 3 0!0 2 ) (1.4) 



- 2 - 



as a function of y, J, ni, n,2, TI3. This gives the three point correlator of these operators, 
thanks to the conformal invariance of J\f = 4 SYM. We shall calculate this correlator on 
the field theory side as well as on the string theory side. In our previous work [26] we have 
already shown that at tree level these correlators do coincide with the corresponding quantities 
computed from the string side. Now we proceed to derive the one-loop contributions. 

2 String theory calculation 

In terms of the BMN basis {a m } the operators in question look like states 

O m = alaljO) (2.1) 
The three-point function is related to the matrix element of the Hamiltonian as follows 



(030 l02 ) = _ A3+ 4 ; i+A2 ^ gl23 ( 2 . 2) 



where 



Ai = J 1 + 2Jl + X'n(, 



A 2 = J 2 + 2Jl + X'nl, (2.3) 



A 3 = J + 2^Jl + X'nl 
and the matrix element is defined as 

ffi2 3 = (123|V). (2.4) 

There has been some ambiguity in the literature with regard to how the proper prefactor in 
the vertex function V in the pp-wave looks like [36-48]; we use the findings of [48] to start 
with the Dobashi-Yoneya prefactor [43] in the natural string basis {a^}- 

V = p e ^E m ,„^ s /W > ^2.5) 

Here I, J are SU(4) flavour indices, r,s run within 1,2,3 and refer to the first, second and 
third operator. The natural string basis is related to the BMN basis for m > as follows 

(2.6) 
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The Neumann matrices are given as [40] 



1 (_l)r(m+l)+s(n+l) XrXs (u rm + jix r )(uj sn + HX s )s rm S qn 
m,n 9 j_ u ; 



(2.7) 



1 (^^(m+lj+^n+l) XrXs ( Urm _ nx r ){w sn - flX s )s rm S qn 

— m,— n 9 j_ w ' 



where m, n are always meant positive, 

s 2m = 1, (2.8) 
S3m = -2sm(irmy), 

and 

xi = y, 

x 2 = l-y, (2.9) 

2?3 = "I, 

the frequencies of the string oscillators are then given as 

CO r ,m = \/m 2 + fl 2 X 2 , (2-10) 
and the parameter \x is directly related to the Frolov-Tseytlin expansion parameter A' 

v=\r ( 2 - n ) 

V A 

The one-loop calculation of the correlation function will amount a next-order expansion in 
\ of the matrix element. An essential feature of the Dobashi-Yoneya prefactor we are using 
is that the prefactor is supported with positive modes only 



m>0 r,I ^ r 

Due to the flavour structure of C123 the only combinations of terms from the exponent that 
could contribute are N^ 2 n2 N 2 ^ n3 N^ ni . The leading order contribution is 

r o 1 yjl n 2 y 3 / 2 (l -y) 3 / 2 sm 2 (Tm 3 y) 
123 tt 2 N (n 2 y 2 - n 2 )(n 2 {l - y) 2 - n 2 ) 1 ' 

The overall factor —4 difference with [26] is due to wave-function normalization. The next- 
order coefficient in the expansion 



Cm = C° l23 (1 + \'c\ 23 ) , (2.14) 



where c\ 23 = ^d 23 - is 



j _ 1 / n 2 n 2 o 



123-- 3V ^+( 1 4 F +^)- (2-15) 



Let us compare this calculation to the field theory calculation. 
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3 Planar Field Theory at One Loop 



To calculate the correlation function at one loop level we use the technique developed in [49, 
50]. The leading order correlation function was calculated by us in our preceding paper [26] 
and is given by the diagram of Fig. (1). 




Figure 1. Leading order diagram for the three-point correlation function of the fully dynamic BMN 
operators from the symmetric traceless sector. 



Only (j) propagators are shown explicitly in the figure; planarity is imposed, the Z fields do 
not have any extra choice than to contract a definite Z, thus the diagram contributes exactly 
once. The diagram (1) refers to the correlation function calculated from planar perturbation 
theory and is related to the C123 defined above 

S = Ny/JihJCm (3.1) 

which is given in general by a A' expansion 

S = 5 (0) + + 0(A /2 ) (3.2) 

and evaluates in the leading order to 

S (»» _ ""vf* cos *<f + " cos + " cQ S ^gi±M±ll, (3.3) 

h JsU Jl + 1 j2 + 1 J + 1 

which after the 1/ J expansion and the due normalization of the operator to unity yields 

r° 1 ^ n W /2 ( l ~ j/) 3/2 sin 2 (7rra 3 y) , . 

123 vr 2 N (n 2 y 2 -n 2 )(n 2 (l-y) 2 -n 2 )' [ ' 

corresponding exactly to the result above. 

At the one loop level we estimate the next-order terms in the A' expansion considering 
all possible insertions of the interaction terms 

^ 2 = ^2( J - P ) ( 3 - 5 ) 



- 5 - 



into Fig. (1), where / is unity operator and P permutation operator, both acting on nearest 
neighbors. It is convenient to split the Hamiltonian into the part P and the part /; in the 
diagrams below the four-point vertices are meant as pure permutations, i.e. acting as P 
solely. The set of the resulting eight diagrams that contribute to Cj 2 3 are shown in Fig. (2). 
Only the insertions and the (j) 1 ' 2,3 propagators are shown; the configuration of the rest of the 
propagators is fully determined by planarity rules. 

Three types of mixing aggravate our task: the admixture of multi-trace operators (eq. 
(3.14) in [50]), magnon mode number non-conserving admixture caused by the coupling de- 
pendent wave function correction (BMN operator redefinition, eq. (5.18) in [51]), and the 
admixture with fermionic operators [52, 53], 

Multi-trace operator redefinition is organized as 

<nJ,w - n J > 12 -—X^ r 3 /yi - r S m 2 (imr)k J>r 
n 12 '™ N ^Vj7r 2 (k-nr) 2 (k + nr)' 12 ' k [ ' 

where T\2 n = 0^ ,12 0^ l ~ r ^ J , O j being the normalized vacuum operator of length J. For our 
kinematics the multi-trace mixing becomes significant only in the next-order corrections in 
1/N. 

The magnon mode number nonpreserving BMN operator O n redefinition in the order A' 
is organized as 

\ [J /"A „; T1 2 wn nn - 2 -wm irm 

r ,12/ _ n J,12 A r sin /+1 cos J+1 sin J+1 cos J+1 J12 

y n - f/ +1 W2LV« -2 Trn -in 27 " 71 > K - ') 

{ ^ > m=l Sm J+T ~ Sm 7+1 

here [J/2] denotes the integer part of J /2. This operator redefinition has been considered by 
us and has been shown not to contribute due to suppression by higher-order powers of j. 

The admixture with fermionic operators is the most difficult to handle. At order A it is 
not yet known for the class of symmetric traceless operators considered in this work. The 
mixing for the trace class operators is derived in eq. (2.1) in [53]. If the mixing for the 
symmetric traceless sector was described by a formula of the same type as eq. (2.1) in [53] 
(which is still to be determined whether it is so or not), a rough estimate yields that the 
mixing might contribute in our case at the order g 2 /J 2 . However, the tree-level contribution 
is of order J 2 and the one- loop goes as g 2 J°. Thus the mixing correction will appear at the 
next 1/J 2 order while holding A' order fixed, so that it would not contribute. 

Anyway, since we find complete identity between the string and gauge theory calculations 
this is a clear sign that at the given orders in A' and j no extra mixing has to be taken into 
account. Whatever the mixing is, presumably it takes place both on the string and field 
theory sides and gives the same contribution, so that the coincidence of the results might be 
accounted for. Surely this issue deserves further investigation. 

Some comments on the classification and evaluation of these diagrams are necessary. 
They all arise from expressions with three sums X^=o 2 /2=o £3=0 over the three wave functions 
'4 ) nihi' , Pn2h^nzh- The diagrams are done in the planar limits, thus only combinations with 



Of' 
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non-intersecting propagators are being considered. One of the sums is always lifted by con- 
servation law. The diagrams (a) and (b) scale as J 3 . The diagrams (c), (d), (e) contribute as 
J 2 -> (/)> (9) scale as J and (h) scales as J°. 

In cases (a) and (b) the self energy of Z or 4>, or the Z 4 scattering insertion produce an 
extra factor: l\ and I2 fixed, the insertion can be inserted into ~ J locations without breaking 
the planarity. This raises the order of the diagrams up to J 3 ; happily their leading order 
terms do cancel between themselves, and the remaining J 2 and J terms cancel with the rest. 
The other diagrams do not give rise to extra factors. Also note that while (c), (d), (e) can 
be realized with arbitrary h,l2, the (/), (g) exist only for marginal cases, with either l\ = 
or I2 = (we do not show in Fig. (2) the diagrams that differ from (a) — (h) by the 1 -H- 2 
symmetry only). We systematize these contributions in the table (1) below. Notice that in 
principle we could have included explicitly the scheme dependence into the "two-point" -type 
diagrams (a) — (c) (where the contribution of the operator containing impurities of type 2 
and 3 can be factor out) and the "three-point" -type diagrams (d) — (h). The two groups of 
diagrams are in fact scheme dependent, however the scheme dependence cancels exactly once 
the two groups are added together. Such cancellation, that leads to the scheme-independence 
of the full result, is the same as the one discussed in [27] and [28]. 

Table 1. Classification of diagrams at one- loop level for the three-point correlator of BMN operators 



Diagram 


Vertex type 


Order 


Coefficient 


a 




J 3 


1 


b 


Self-energy 


J 3 


-1 


c 


z 2 4> 2 


J 2 


1 


d 


Z 2 ct> 2 


J 2 


1/2 


e 


z 4 


J 2 


1/2 


f 


4 


J 


1 


9 




J 


1 


h 


4 


1 


1 
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These diagrams are evaluated as 



s u> = 'g' 'g 2 (il _ i) cos ™f> ± 11 cos "■»(»» + 1 ) cos ^±M±1> + 

Z 1 ^ 2 ^' , u 7mi(2Zi + l) vrn 2 (2l 2 + 1) 7rn 3 (2(Z 1 + Z 2 ) + 1) 

+ 2^ Z> ( Jl ~ ll ~ cos — j^Ti — cos — — cos jqri + (i^2), 

l\ = /2— 

S « _ ( J + 3) "f "f cos cos =g±±> cos "^ft+^+D , 

l\ =0 lo = 



t t Ji+1 j2+1 J+1 

ij^Jiia^-i ^(2^1 + 1) 7rn 2 (2/ 2 + l) 7rn 3 (2(/i + Z 2 + 1) + 1) 

+ > > cos cos cos — -+ 

t h Ji+1 j2+1 J+1 

h =j lh =j 2 7mi(2Zi + 1) 7rn 2 (2/ 2 + l) irn 3 (2(h + l 2 - 1) + 1) 

+ > > COS ; COS ; COS 

tt Jl + 1 J2 + 1 J + 1 

h =j lh =j 2 ^(2^ + 1) 7rn 2 (2/ 2 + l) 7rn 3 (2(Zi + Z 2 - 1) + 1) 

+ > > COS ; — ; COS ; — ; COS 



si ^ — s c , 



_ 'g' ■=? cos mi( 2i, + 1) cos wa 2 + p cos ^3(2 (il + h) + i) 

(1 = 1 t2 = l 

l^-ila^-i (2Z1 + I) 7rn 2 (2/ 2 + l) 7rra 3 (2(Zi + 1 2 ) + 1) 

+ > > COS ; COS COS . 

t t Jl + 1 J2 + 1 J + 1 

Sf = cos cos cos ^i + l) + (1 o 2), 
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Sjp = cos cos cos ^3(2(^1-^1) + 1) + (1 ^ 2)) 

il =1 



cr(l) ^"l ^ ™3 , ,-. oN 

5, = cos — cos — cos — + (lo2). 



All these contributions carry also the overall factor from the one-loop interaction. They 
will also carry numerical factors Cj coming from the loop integration. The loop integration 
and the resulting divergency structure entering diagrams (a) and (e) is fully identical to the 
one done for the two-point functions in [54]; the diagrams (d) and (e) yield twice as less 
divergency as (a) or (c). These factors are then found from Table (1) c a = = — l,c c = 
l,Cd = 1/2, c e = 1/2, Cf = l,c g = l,Ch = 1. The total one loop contribution will be then 
given by 

Summing everything up we get 



g(l) = 4n3 Kt 1 ~ ^ 2 + n % y2 + "IsA 1 ~ V) 2 ) sin 2 (7rra 3 y) 
(n|y 2 - nf) (njj (1 - y) 2 - n 2X 



whence we get 



! 1 _ l / n f 



»0 



c - = ^ = -i^+( T ^ ? + "ll- (3-10) 



exactly as in the string theory above. 



4 Discussion 



We have observed that a three-point correlation function for all dynamical BMN operators 
matches precisely the perturbative weakly coupled planar field theory and the Penrose limit 
of the strongly coupled string field theory at one loop level in the Frolov-Tseytlin limit. 
This result is quite unexpected, since, on one hand, a correlator of two heavy and one light 
operators has been previously demonstrated in [30] to fail to match the semiclassical string 
calculation in the Frolov-Tseytlin limit. On the other hand, a heavy- heavy-light correlator 
calculated via integrability has been shown to beautifully agree with the string theory in 
the Frolov-Tseytlin limit, yet only in the thermodynamical regime, when the number of 
excitations tends to infinity [23] . Our result is thus the only one- loop analytic calculation of a 
three-point function so far, where complete agreement between fields and strings is observed. 
It has been noted in [30] that such a matching is not necessarily present even at one-loop 
level, since C123 is unprotected. Thus our case should be considered as another "wonder" 
of AdS/CFT and must be explained somehow. The well known state/operator identification 
for BMN states, which in other cases is not so well established [30, 31], certainly helps in 
providing this matching. However, we do not yet possess a generic argument why this must 
work in a more general setting; neither we can guess which corner of the parameter space may 
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be covered by the conjecture on exact matching between the three-point functions on gauge 
and gravity sides. The Penrose limit string field theory Hamiltonian which is the basis of our 
string calculation seems to know nothing about the Yang-Mills planar correspondence, yet it 
reproduces its results astonishingly. On the other hand, Yang-Mills planar theory does indeed 
produce the terms of order AJ 2 , which were supposed by authors of [30] to be exactly the 
stumbling block in the heavy-heavy-light matching. In the three-BMN case these stumbling 
blocks cancel each other accurately, leaving only terms of similar orders both in A and in J 
on both sides of the correspondence. 
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